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B E T A  E N H A N C E M E N T  BY R E L A T I V I S T I C  E L E C T R O N  R I N G S  I N  B U M P Y  T O R I  * 
T.  K A M M A S H  a n d  K.T.  N G U Y E N  
University of Michigan, Ann Arbor, MI 48109, USA 
The maximum achievable beta (ratio of plasma pressure to magnetic pressure) value in a bumpy torus such as Elmo (EBT) is 
determined primarily by the stability of the system to the interchange modes. These modes have as their source of free energy the 
drifts of the hot electron component that arise from the curvature and gradients of the confining magnetic field. At low (compared to 
the ion gyro) frequencies the only modes that exist are the core plasma and hot electron interchange, but at frequencies near the ion 
cyclotron frequency, instabilities arising from coupling of the interchange and compressional AlfvSn wave also appear. In most, if not 
all previous treatments of these instabilities, the hot electrons were treated as non-relativistic. In this paper we re-examine these modes 
using a relativistic formulation for the hot electrons which we also treat as highly anisotropic by neglecting their parallel momenta 
relative to the perpendicular momenta and their rest mass energy. We find a significant enhancement in the ion beta value as a result 
of treating the ring electrons relativistically. For typical present day EBT parameters we find that the value of the ion beta increases 
by about 50% as a result of increasing the hot electron mean energy from about several keV to few MeV. At such an energy the 
microwave power for heating these electrons is also optimum since the drag on the background plasma also reaches its minimum 
value. 
1. Analysis and dispersion equation 
Severa l  i nves t iga t ions  [1] h a v e  in recen t  years  add re s sed  the  s tab i l i ty  of  E B T  p l a s m a  to the i n t e r c h a n g e  
m o d e  [2,3], and  to the  c o u p l e d  i n t e r c h a n g e - c o m p r e s s i o n a l  Al fvSn  m o d e  [4,5], us ing  the  k ine t i c  a p p r o a c h  in 
a slab g e o m e t r y  a n d  p r o d u c i n g  success ive ly  lower  a ch i evab l e  c o r e  b e t a  values .  In  all of  these  s tudies  the  
r ing -co re  i n t e r a c t i o n  was t aken  in to  a c c o u n t  bu t  the  h o t  e l ec t ron  species  was  t r ea ted  non- re la t iv i s t i ca l ly .  In  
this i nves t i ga t i on  we r e - e x a m i n e  the  s tab i l i ty  of  these  m o d e s  in the  p r e sence  o f  a re la t iv i s t ic  ho t  e l ec t ron  
c o m p o n e n t  for  wh ich  we  wr i te  the  H a m i l t o n i a n  as 
H = (m2c  4 +p2c2)1 /2  +fgX,  (1) 
w h e r e  m is the  res t -mass  o f  the  e lec t ron ,  p is the  m o m e n t u m ,  c is the speed  of  l ight  and  fg is the  
g r a v i t a t i o n a l  force  assoc ia ted  wi th  the  m a g n e t i c  f ie ld  cu rva tu re .  By v i r tue  o f  thei r  hea t ing ,  these  e lec t rons  
a re  g e n e r a l l y  h igh ly  an i so t rop ic ,  and  we s imu la t e  this e f fec t  in eq. (1) by  l e t t ing  ( p 2 )  << ( p 2 ) ,  mc 2, where  
Pz and  p ± are  r e spec t ive ly  the  m o m e n t a  para l l e l  and  p e r p e n d i c u l a r  to  the  m a g n e t i c  field, a n d  mc 2 is the  rest  
mass  energy.  W i t h  this m o d i f i c a t i o n  eq. (1) b e c o m e s :  
H -- ( m2c 4 + p ~  C2 )1/2 "{- fgx  = 3"mc 2 + fgx ,  (2) 
w h e r e  the re la t iv i s t ic  p a r a m e t e r  3' is g iven  by  
p ~  1/2 _ 1 v ±  
3 ' =  - ( 3 )  
In  a slab g e o m e t r y  whe re  the  ex te rna l  m a g n e t i c  f ie ld  is g iven  by  B = B0( l  + c x ) ~  a n d  in wh ich  the  dens i ty  
g r a d i e n t  and  the  g r av i t a t i ona l  force  are  also in the x -d i r ec t i on ,  the  c o n s t a n t s  of  the  m o t i o n  are  the  
* Work supported by US DOE. 
0 1 6 7 - 5 0 8 7 / 8 3 / 0 0 0 0 - 0 0 0 0 / $ 0 3 . 0 0  © 1983 N o r t h - H o l l a n d  
264 T. Kammash, K.T. Nguyen / Beta enhancement in bumpy tori 
above-mentioned Hamiltonian and the canonical angular momentum associated with the ignorable 
coordinate. In terms of these constants of motion the equilibrium distribution function for the hot electrons 
can be put in the form 
( ~ _ ) 1 / 2  e-6ey+2x/nD 
f o ( p z , p  2 , Xg) = No(1 --F-~.'xg)F(pz) m 2 c 2 K 3 / 2 ( f ) ,  (4) 
where 
cpy . 
X g = X +  
eB 0 ' 
fl = mc2//T ± , 
2mc 2 2T. (5) 
l=fr(pz)dpz, f~-Rcf Re' 
and N 0, R c and K3/z(f) are the hot electron density, the radius of curvature, and the modified Bessel 
function respectively. It can readily be shown [1] that 
1 ( i d a )  
" = ~ + R ~ '  , =  - ~ - ¢  = _  ~ , (6) 
where L, is the density gradient scale length, and fit is the total (fie + fl~ + fh)  beta of the system. In order 
to calculate the hot electron components of the dielectric tensor we first solve the linearized Vlasov 
equation, namely 
fl =eft a t ' [ E +  vXB] .Of° (7) 
where the integration is over the unperturbed particle orbits. For the relativistic hot electrons these orbits 
have the form 
yv± ( $ 2 )  yv± 
x = ~ -  c o s  0 - ) -  t - ~ -  c o s  0, 
( ) 'v~yt fgt Tv±+-~-+-m-~+- ~  yv____+_~ sin O - ~ t  sin0, (8) 
Y= - 12 
where the gyrofrequency, I2 = eBo/mc, is expressed in terms of the rest mass. Following a standard but 
lengthy procedure we calculate the hot electron components of the dielectric tensor to be 
~ [  2(~°- ~0*h) h (k,XD~)-2 1 + 
~11 = (.,0 B h 
+ A(kXD~) -2. FLR 
q'h 
with the finite Larmor radius term (FLR) given by 
F L R = -  (kOeh)2 (~0_tO, h ) f 1 2  { . ~  l +  ___}__1 [e G(a2a+a)Ei(G)  
¢0m, l + f l  "+-f2 A--o¢ l- 
-e-O(a2A + a)ei(o)] }" 
In addition we have 
e~2=-~(  (~°-°~*h))~o---Sh 1-~/33 { ( l+a)a~  +--2+a 2 
B2 +~-S 
+ a - , ~  e- '~(a3~ + a 2 ) e ' ( a )  - e -O(a3a  + a 2 ) E ~ ( Q ) ]  . 
l + f  -~-Z~_a[ " aa+ 1)Ei(G)-e-Q(aA + I)Ei(Q) ) 
( 9 )  
(10) 
(11) 
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eh2 = (k~Di )  -1 (  ~ )1/2 l + fl l - - - f l + - ~  (1 +a 1 l [ e _ C ( a 2 a + a ) E i ( G ) _ e _ Q ( a 2  A + a ) E i ( Q ) ] }  
x - -  . (]2) 
(~Bh 
In the above expressions XDi denotes  the ion Debye  length, E i (G ) the familiar  exponential  integral, e .  the 
d iamagnet ic  drift frequency, (~Bh is the drift f requency associated with the magnet ic  field gradient,  e~h iS 
the drift  f requency associated with the field curvature,  and 
2 ( ~ -  ~ % h )  a 1 ( a  2 + 4), /2;  a 1 2 • = + ~ ( a  + 4 ) ' / 2 ;  G = f l ( a  - l)' 
a -  fl~0B h , a = ~ - ~  A ~ 
mc 2 T . h Nh flh Tce 
Q = f l ( A - 1 ) ;  f l = T ± h ;  % =  Tci ; 6 =  N--i-=%fl---~ ; % = - ~ i "  (13) 
i When combined  with the dielectric tensor componen t s  Eej, c~j of  the background  p lasma the above results 
yield a dispersion equat ion which can be expressed as 
DesDem + (CT)2=O, (14) 
where 
Des = 1 + 'ii + '~ + '1~ = 'ii-4-,~ + '1~' 
Bern = l - (E~2 + E~2 Jr Eh2), 
' 
c T  = El2 
i have been obta ined for Maxwell ian distr ibutions elsewhere [4,5], but  The  expressions for c~j and c~j 
modif ied here to account  for the " p h a s e "  effect in xg (see eq. (5)) which plays an impor tan t  role in the 
coupled-mode  instabili ty at w---I2 i. The  dispersion eq. (14) is investigated numerical ly for the stability 
bounda ry  due to the multiplicity of the free paramete rs  which are fl, fib, fli, P i / t n  kpi, L , /R~ ,  % and %. 
ft.=.3, kp~ =.I,T='-= 1. , T - L = t O o o , L L = . 0 5  
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Fig. 1. Enhancement of the ion beta as a result of increasing fl from 80 to 0.1. 
1.0 
Fig. 2. Improvement in the ion beta as a result of decreasing the background electron temperature relative to that of the ions. 
Fig. 3. Change in the stability window resulting from the coupled interchange-Alfvbn modes. 
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2. Results 
Significant improvement  in the value of fl~ occurs when the ring electrons are treated relativistically as 
demonstrated in fig. 1. The lowest curve (/3 = m c 2 / T . h - - 8 0 )  represents the non-relativistic result which 
for the parameters shown agree with those of refs. 2 and 3. The most  dramatic  enhancement  in/3~ of about 
50% occurs at ring electrons mean energy of about  two MeV, beyond which the improvement  is not 
substantial. At this energy the microwave power needed to heat these electrons is also opt imum since the 
drag reaches its min imum value at this energy [6]. Although the core beta does not change much, additional 
increase in fli can be achieved if the temperature of the ions is increased relative to that of the background 
electrons as illustrated in fig. 2 (and contemplated in EBT-P). Current experiments with hot electron 
temperature of about  400 keV reveal [7] a distribution function of  a non-relativistic Maxwellian form. In 
terms of the present analysis this seems to suggest that the dynamics of the realitivistic electrons, rather 
than the precise form of the distribution function, is perhaps the major factor responsible for the beta 
enhancement.  Although increasing/3h has a stabilizing effect on the interchange mode, fig. 3 also shows 
that due to the coupled mode there exists a window in/3h which defines a channel of stable region in which 
multiple values of  /3i exist. This window and the corresponding channel become narrower as p y L  n 
increases. Finally, this analysis reveals that the stability boundary  of  the interchange mode is particularly 
sensitive to the hot electron model. A delta function representation of these electrons yields about  twice as 
high a maximum/3i  as does a Maxwellian representation in agreement with the predictions of Nelson [2]. 
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